This paper proposes a new method to determine earthquake magnitude for small deep-focus earthquakes by using velocity-amplitude data. For deep-focus earthquakes, body-wave magnitude has been widely used, but it is difficult to directly apply the conventional methods to the data from short-period seismometers of regional networks. In the proposed method, moment magnitude is used to obtain the attenuation function for epicentral distance and focal depth, where the influence of inhomogeneous Q structure is incorporated. This effect is further reduced by introducing a correction term that is a function of distance from the trench axis to an observation station and focal depth. The attenuation function and correction term were estimated for the velocity amplitude data obtained by the network of the Japan Meteorological Agency. The velocity-amplitude magnitude we propose is in satisfactory agreement with the moment magnitude, and provides stable magnitude values for small earthquakes of deep to shallow focal depths seamlessly.
Introduction
Short-period velocity seismometers with the natural period of T 0 1 s have been used to observe small earthquakes. Various formulas have been proposed in the literature to determine earthquake magnitude with amplitude data obtained from short-period velocity seismometers. Kanbayashi and Ichikawa (1977) and Takeuchi (1983) proposed formulas for computing magnitude of small shallow earthquakes (depth ≤ 60 km) for the data measured from short-period velocity seismometers deployed by the Japan Meteorological Agency (JMA). The formulas of Kanbayashi and Ichikawa (1977) and Takeuchi (1983) are M = log 10 A V + 1.64 log 10 + 0.22,
(1) M = log 10 A V + 1.64 log 10 + 0.44,
respectively, where A V is half the maximum peak-to-peak velocity amplitude of the whole trace of the seismic record on the vertical component in milli-kine (10 −3 cm/s) and is epicentral distance (km). Equations (1) and (2) are used for the data obtained from seismometers installed on the ground surface and in boreholes, respectively. These formulas were devised to provide earthquake magnitudes of small earthquakes in consistent with the magnitude determined with Tsuboi's (1954) formula. Tsuboi's formula is used by JMA to determine magnitude from displacement amplitudes obtained from seismometers of 5-6 s characteristic periods. An earthquake magnitude greater than or equal to 5.5 reported by JMA is displacement-amplitude magnitude based on the Tsuboi's formula; a magnitude less than 5.5 is the average Copy right c The Society of Geomagnetism and Earth, Planetary and Space Sciences (SGEPSS); The Seismological Society of Japan; The Volcanological Society of Japan; The Geodetic Society of Japan; The Japanese Society for Planetary Sciences.
of displacement and velocity-amplitude magnitudes determined with Eqs. (1) and (2).
JMA seismic catalog is often referred to for investigating seismicity in and around Japan. But it was pointed out that Eqs. (1) and (2) were not properly connected with the Tsuboi's magnitude, and in particular that the value of 1.0 was not proper as the coefficient of log 10 A V (e.g., Kakishita et al., 1992) . Figure 1 shows magnitude-frequency relationship of JMA magnitude, M J M A , for the period from April, 1995 to September, 1997 (open circle) . For M J M A , a clear bend is seen around magnitude 5 in the figure. It is generally considered that the bend is due to the improper value of the coefficient of log 10 A V . Watanabe (1971) proposed an equation to relate earthquake magnitude to velocity amplitude obtained from shortperiod seismometers of regional networks: log 10 A V = 0.85M − 1.73 log 10 r − 2.50, (r ≤ 200 km) (3) where A V is the maximum vertical velocity amplitude in kine (cm/s), M is the magnitude defined by Tsuboi (1954) , and r is hypocentral distance (km). Kakishita et al. (1992) showed data which supported the result of Watanabe (1971) . For the coefficient of M that relates the maximum vertical velocity to the Tsuboi's magnitude, 0.85 in Eq. (3), Yoshioka and Iio (1988) used a value of 0.78. Relationship between magnitude and strong ground velocity has been examined to estimate peak ground motion from magnitude for disastrous earthquakes. Molas and Yamazaki (1995) obtained a coefficient of 0.628 to express the relationship between peak ground velocity and the Tsuboi's magnitude. Coefficients of 0.489 and 0.51 were used for the relationship between moment magnitude and peak ground velocity by Joyner and Boore (1981) and Campbell (1997) , respectively. These re-ports indicate that the coefficient of log 10 A V in Eqs. (1) and (2) should be greater than 1.0.
For deep-focus earthquakes, body-wave magnitude, m b , is estimated from global data, and some calibration functions were also proposed to determine body wave magnitudes from data obtained at local or regional distances (e.g., Duda, 1971; Veith and Clawson, 1972; Solov'yeva, 1978) . However, those methods are based on the displacement amplitude, and it may not be suitable to apply them to the current JMA network.
We aim to give a means of determining earthquake magnitude of a deep-focus event by using data measured from short-period velocity instruments of regional distance. The new method of magnitude determination developed in this The vertical axis shows the number of earthquakes larger than the magnitude on the horizontal axis. Magnitude-frequency relationship of the velocity-amplitude magnitude, M K V , proposed in this paper (large solid circle) and a combination of the displacement-amplitude magnitude (Tsuboi, 1954) , M T , and M K V (small solid circle) are also shown. Fig. 2 . Assumed Q S structure for calculating synthetic records.
paper is scaled to the moment magnitude, M w . We assume that the relationship among M w , half the maximum peakto-peak velocity amplitude of vertical component, A V (m/s), epicentral distance, , and focal depth, H , is approximated as
where β V ( , H ) is an attenuation function of velocity amplitude, and α V is a constant scaling factor which relates magnitude to the logarithm of velocity amplitude.
Seismic Moment Estimation of Small DeepFocus Earthquakes
For the earthquakes occurring in and around the Japanese islands, some seismic moment catalogs are available (e.g., Dziewonski et al., 1981; Kikuchi and Ishida, 1993; Kawakatsu, 1995; Fukuyama et al., 1998) . But, none of these catalogs covers the earthquakes of magnitude less than 5 and depth beneath 100 km with enough number of solutions. Therefor, we estimate seismic moments of small deepfocus earthquakes in this study to make a base for estimating
Anelastic attenuation is very important to estimate seismic moment of a deep-focus earthquake. Figure 2 shows the assumed Q S model for calculating synthetic records. Q S of crust is assumed to be 500, referring to the results of Umino and Hasegawa (1984) and Hashida (1989) . Q S of The vertical axis shows the ratio of the scalar moment in this study to that of various moment catalogs. Solutions estimated with the methods by Kikuchi and Ishida (1993) , Dziewonski et al. (1981) , Fukuyama et al. (1998), and Kawakatsu (1995) are referred to as "EIC", "Harvard", "FREESIA", and "ERI CMT", which represent names of groups or projects publishing the solutions, respectively.
subducting plates is assumed to be 1500, referring to Umino and Hasegawa (1984) and Bowman (1988) . The research by Flanagan and Wiens (1994) was referred to for assuming upper mantle Q S structure above subducting plates. The Q S values in Fig. 2 were assumed 1.7 times as large as those of the model by Flanagan and Wiens (1994) , taking the frequency dependence of Q S reported by Choy and Cormier (1986) into consideration. Q P was assumed to be 9 4 Q S (Anderson et al., 1965) .
Synthetic records for seismic moment estimation were calculated with the method of Takeo (1985) for the layered velocity structure shown in Table 1 . In the method, Q value in a layer is constant. To reflect inhomogeneous Q structure in Fig. 2 in the layered structure, Q value of a layer for synthetic calculation was given as an average along a ray path in the model of Fig. 2 . Fig. 6 . B-spline functions used in this study to express an attenuation function for velocity amplitude, β V ( , H ) (Eq. (4)). The upper graph (a) shows the spline functions for epicentral distance, and the lower graph (b) shows those for focal depth. A combination of logarithmic and linear scales was adopted to permit a sufficient number of spline functions to be depicted over the broad range of hypocentral distances. Body waves records obtained from the JMA network (Japan Meteorological Agency, 1997) for the period from April, 1995 to September, 1997 were used to estimate seismic moments. The station map is shown in Fig. 3 . All the stations are equipped with a short-period moving-coil seismometer and a feedback-type accelerometer, and a broadband seismometer (STS-2) is also available at the stations of open circles. Displacement records obtained by numerical integration of velocity and acceleration records were compared with synthetic ones by using a tool developed by Katsumata (2000) . The frequency response of short-period instruments was compensated before the integration. Frequency bands for seismic moment estimation were changed depending on body-wave pulse widths of analyzed earthquakes within a range of 0.05-2.0 Hz. A manual source-parameter search was used in the estimation as well as the inversion method. For some earthquakes with focal mechanisms known from P-phase initial motions, only scalar moments were esti- mated. Data from 2 ∼ 10 stations with epicentral distance of 6 ∼ 1,100 km were used for each event. Seismic moments of 290 earthquakes of M w = 3.0 ∼ 6.7 and H = 0 ∼ 599 km were estimated. We plot M w thus obtained against focal depth in Fig. 4 . Estimated scalar moments are compared with those of various moment tensor catalogs in Fig. 5 . Scalar moments of this study are smaller than those estimated with the methods by Dziewonski et al. (1981) , Fukuyama et al. (1998) , and Kawakatsu (1995) by a factor of about 1.5, and do not differ very much from the solutions by Kikuchi and Ishida (1993) on average. The root mean square (RMS) of log 10 (M 0i /M 0 j ) ranges from 0.25 to 0.36, where M 0i is the scalar moment of the present study and M 0 j is that of other moment catalogs. The RMS of log 10 (M 0i /M 0 j ) ranges from 0.24 to 0.52 for all combinations of various moment catalogs. The scattering of M 0i /M 0 j for scalar moment in this study is not very large comparing with other moment catalogs. Thus, we assign the 
where M 0 is the scalar moment (Nm) of an earthquake.
Estimation of the Velocity Amplitude Attenuation Function
An attenuation function of velocity amplitude, β V ( , H ) (Eq. (4)), is derived based on the moment magnitude obtained in the previous section. The value of α V (Eq. (4)) is fixed at 1/0.85, following the result of Watanabe (1971) (see Eq. (3) ). Validity of this assumption will be shown in a latter section.
We express β V ( , H ) with B-spline functions (Ichida and Yoshimoto, 1979 ) as
where N mi ( ) and N m j (H ) are the spline functions, m is the order of the functions, h and k are numbers of knots for epicentral distance and focal depth respectively, and c i j are constants, which are estimated by the least squares method with smoothing (see Katsumata, 1996) .
A combination of logarithmic and linear scales (Fig. 6 ) is used as the variable of spline functions to put an enough number of spline functions to both close and far regions from a station. Logarithmic and linear scales are connected at a specific value of epicentral distance or focal depth so that the two scaling factors become identical at the connection point. The coordinate on the combined scale, y, is calculated as
log 10 e + log 10
where x denotes epicentral distance or focal depth, x c is the coordinate of the connection point, and e is the base of the natural logarithm. A value of 120 km is used as the connection point for both of epicentral distance and focal depth. The connection point was selected to apply the logarithmic scale to a hypocentral distance range less than about 100 km where the attenuation function varies rapidly, and to keep the ratio of the linear scale from becoming too large. We set the knots on the combined scale as The attenuation function β V ( , H ) is estimated based on Eq. (4). Velocity amplitudes observed by JMA from April, 1995 to September, 1997 with short-period instruments in Fig. 3 are used as A V (10 −3 cm/s). However, the ground noise limits minimum observed amplitude, and clipping of the A/D converter limits upper computable magnitude. To avoid this systematic bias of data, the data used for estimating β V are selected by applying the magnitude-dependent windows of hypocentral distance as shown in Fig. 7 . We further limit the upper bound of M w since spectrum amplitude of seismic waves decay over the corner frequency (e.g., Aki, 1967) . This causes saturation in magnitude for the short-period seismometers of our present concern. Kikuchi and Ishida (1993) showed an empirical relationship between seismic moment M 0 (Nm) and pulse width τ (s) of displacement P-wave for earthquakes deeper than 50 km and of
According to this relationship, moment magnitude of an earthquake with 1 s pulse width is M w = 5.3, and for 0.5 s pulse width, M w = 4.7. For earthquakes deeper than 50 km, data of M w ≤ 5.3 are used in the estimation of β V ( , H ). Since earthquakes in the crust have longer pulse width versus earthquakes of similar sizes in the mantle, the upper limit of M w for shallow earthquakes (H ≤ 50 km) is set at 4.7.
Although the corner frequency of 1 Hz corresponds to about 0.5 s duration for a triangle-shaped source time function, no clear saturation is seen in Fig. 1 up to about 5.8 magnitude units in velocity-amplitude magnitude. The assumed uppermost magnitude limits is enough to exclude attenuated data The estimated attenuation function is shown in Fig. 9 by contour curves, and values of c i j are listed in Table 2 . Figure 10 illustrates the attenuation curves together with observation data for selected depth and epicentral distance ranges. The attenuation curves indicate satisfactory fit to the observation although the curves deviate from the average of data plots due to smoothing in some parts (e.g., Fig. 10(c) ). In Figs. 10(e) and (f), the attenuation at shallow depths is larger than that at deeper depths. This is considered related to the effects of geometrical spreading. The standard deviation of all data is 0.66, which is about double of that for displacement amplitude (=0.34) obtained by Katsumata (1999) .
The function is not a simple result of least squares analysis but a result with some additional corrections. Since the number of data within 100 km in hypocentral distance is not sufficient (Figs. 8 and 10 ), corrections were added to c i j for short hypocentral distances. Figure 11 shows the difference 
Effect of Inhomogeneous Q Structure on Estimating the Attenuation Function
It is well known that subducting plates have relatively high Q value comparing with the surrounding upper mantle. Therefore amplitudes should express dependence on distance from the trench axis due to the inhomogeneous Q structure as was illustrated in Fig. 2 . Figure 12 shows the relationship between distance measured along the earth surface from the trench axis to the observation station and deviation of amplitude data from that expected based on the estimated attenuation function β V ( , H ). For the case of deep events, they occur in the Pacific plate or the Philippine Sea plate, and the distance is measured from the trench axis where the corresponding plate subducts. Dependence on distance from the trench axis is clearly seen in the figure. Average differences are not large for shallow earthquakes ( Fig. 12(a) ), and are notable for deep earthquakes (Figs. 12(c)-(f) ). For deep earthquakes, the averaged deviations are over the expected levels in short distance ranges, and under those in long distance ranges (Figs. 12(b)-(f) ). It is considered that the path length in high Q slab is relatively short and the seismic waves attenuate more strongly for long distance ranges.
To correct the effect of the inhomogeneous Q structure, we introduce γ V (L , H ) to formulate the velocity attenuation:
where γ V (L , H ) is a function of distance from the trench axis, L, and focal depth, H , which represents the effect of the inhomogeneous Q structure. B-spline functions are used to express γ V (L , H ). The coordinates of the knots are: 0, 0, 0, 100, 220, 350, 500, 770, 900, 1500, 1500, 1500, 1500 km (i = −3, −2, . . . , 10), 0, 0, 0, 70, 110, 150, 220, 320, 430, 500, 700, 700, 700, 700 km ( j = −3, −2, . . . , 11).
Solid curves in Fig. 12 show fitted γ V (L , H ). Coefficients of the spline functions are shown in Table 3 . By introducing (Fig. 12(a) ) is not reduced. Figure 13 shows attenuation of S-wave exp(− π f Q S dt) calculated from the Q S model in Fig. 2 for a hypothetical set of hypocenters and observation stations. Frequency of the seismic waves, f , is assumed 1.5 Hz. The hypothetical earthquakes are located at the top of the Pacific plate along the latitude line of 40
• N, along which the Pacific plate subducts to the depths deeper than 500 km. The observation stations are distributed along 35
• N, where actual stations are densely distributed. Comparing Fig. 13 with Fig. 12 , we see similar patterns of attenuation curves for the distance range of 100-400 km and depth range of 200-400 km. Although the pattern of attenuation variations may vary for different sets of plate and station locations, Fig. 13 clearly demonstrates the effect of inhomogeneous Q structure. We conclude that the effect of inhomogeneous attenuation was effectively reduced by introducing γ V (L , H ), in spite of two-dimensional modeling of Q structure (see Fig. 12 ).
Discussion
The velocity-amplitude magnitudes of deep events depend on the assumed Q structure. For a different Q model, the magnitude value could be different.
For the Q S model of Fig. 2 , Q S values of Flanagan and Wiens (1994) were modified based on the frequency dependence of Q value reported by Choy and Cormier (1986) . Some other researchers reported that Q S value increases with the frequency of seismic waves (e.g., Taylor et al., 1986; Ordaz and Singh, 1992) . In these reports, Q S at 0.1 Hz is two to several times smaller than that at 1.0 Hz. In this study, earthquakes of magnitude 4-5 are mainly used for the estimation of attenuation function in deep regions. For those earthquakes, frequency range of 0.3-1.0 Hz was used to estimate seismic moments. The reported variations of the frequency dependence scatter up to a few times in the analyzed frequency band. Sato and Fehler (1997) summarized reports on Q −1
for the lithosphere. In many of the those estimates, Q P was smaller than Q S in the frequency range higher than 1 Hz. For the frequency range lower than 0.3 Hz, Q P was larger than Q S (e.g., Taylor et al., 1986; Anderson and Hart, 1978) . In this study, Q P was assumed as 9 4 Q S after Anderson et al. (1965) . The ratio of Q P /Q S we used might be too large. But, the reports referred to in Sato and Fehler (1997) are mostly concerned with the attenuation in the lithosphere, and there is no clear evidence of denying the prediction by Anderson et al. (1965) for the deep regions.
According to various reports, a few times of difference in Q values from those in Fig. 2 might be possible to exist. Figure 14 shows how much Q values affect synthetic records. Observed and synthetic records at MONO for an earthquake (July 21, 1997 7:21:14.2 (JST), 32.243 • N, 137.747
• E, H 424 km, M w 3.6; see Fig. 3 ), are shown in the top panels. In the lower panels, we show synthetic records for the Q structure shown in Fig. 2 (bold solid curves) , that with half Q values of Fig. 2 (thin solid curves) , and that with double Q values of Fig. 2 (thin broken curves) . Observed and synthetic records were processed with a Bessel band-pass filter (Katsumata, 1993) with a 0.8-1.4 Hz pass-band. Amplitudes of synthetic records differ significantly, depending on Q values.
A broken curve in the top panel in Fig. 14 shows a synthetic record based on the moment-tensor solution estimated with the Q model in Fig. 2 . The trace of the moment tensor matrix was assumed to be zero in the estimation. Estimated scalar Table 4 . Estimated scalar moments of an earthquake, which occurred on July 21, 1997 at a depth of 424 km, for different Q structures.
Q structure Estimated scalar moment
This study (Fig. 2 Table 4 . Estimated seismic moments differ by a factor of about 2-3 for half or double Q values in this case. This difference of scalar moment corresponds to a difference of 0.2-0.3 in the magnitude unit. In Eqs. (4) and (6), α V was assumed to be 1/0.85 (= 1.18) following Watanabe (1971) . Figure 15 shows relationships between the moment magnitude of various catalogs and the velocity-amplitude magnitude of the present study:
The slopes of regression lines in the magnitude ranges of M w < 4.7 (H ≤ 50 km) and M w < 5.3 (H > 50 km) are shown in Table 5 . Corrected values of the coefficient,
, are also shown in the table, where α V is the initially assumed value (= 1/0.85) and a is the slope of the regression line. The corrected values, α V , bound the value of 1/0.85 (= 1.18) obtained by Watanabe, which is therefore considered a good estimation of the coefficient for moment magnitude, as well as for Tsuboi's magnitude.
In Fig. 1 , we plotted the magnitude-frequency relationship for the velocity-amplitude magnitude of this study (large solid circles), and a combination of the displacement-amplitude magnitude (Tsuboi, 1954) , M T , and M K V (small solid circles). For the combination, displacement-amplitude magnitude is used when displacement-amplitude magnitude is available. For M K V , saturation is recognized in the magnitude range of M K V > 5.8, which is considered due to the frequency response of short-period instruments. For the combination of M T and M K V , the bend around magnitude 5.0 that appeared for M J M A is not seen. This indicates validity of the magnitude determination method developed in this study.
The velocity-amplitude magnitude of this study, M K V , is compared with some other magnitudes in Fig. 16 . Figure 16(a) shows comparison between M K V and the displacement-amplitude magnitude, M K D , defined by Katsumata (1999) , which was adjusted to the moment magnitude of Dziewonski et al. (1981) Since more than several amplitude data were used for both displacement and velocity for these earthquakes, the differences should not be attributed to irregular data of small number. It is considered that the excitation of high frequency ( f > 1 Hz) was weak for those earthquakes. Site condition affects observed amplitude, and the magnitude computed for a single station, M K V −st , may vary from station to station. Figure 17 presents the difference between station magnitudes, M K V −st , and earthquake magnitude, M K V . In the figure, small solid circle and attached bar indicate the average and standard deviation, respectively. The station number on the horizontal axis is sorted in the order of average residual. At 88% of stations, the deviation of station magnitude is less than 0.3 in magnitude unit, which corresponds to halving or doubling amplitude. When 12% of stations with large deviations are excluded, the deviation due to the site effect should be reduced to less than 0.3 in magnitude without individual station corrections.
Conclusion
We proposed a new method to determine earthquake magnitude from velocity-amplitude data obtained with shortperiod seismometers of a regional network. The velocityamplitude magnitude, M K V , is defined by Eq. (7), where A V is the half of the peak-to-peak maximum velocity amplitude (m/s). Based on the observation data of the Japan Meteorological Agency network, we obtained best-fit values for the two parameters, β V and γ V , by fixing α V at 1.18. The attenuation function β V was estimated as was shown in Fig. 9 , by using moment magnitudes that were newly calculated with an inhomogeneous Q structure model. The effect of inhomogeneous Q structure is further corrected by γ V , which is a function of the epicentral distance from the trench axis to an observation station and focal depth (see Table 3 ). The velocity-amplitude magnitude, M K V , is satisfactorily scaled to the moment magnitude, and provides a stable magnitude estimate for any focal depths seamlessly.
